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Three-Dimensional Corotational Framework for Elasto-Plastic
Analysis of Multilayered Composite Shells

Arif Masud* and Choon L. Tham'
University of lllinois at Chicago, Chicago, Illinois 60607-7023

A continuum based layerwise shear-deformable finite element formulationis presented for elasto-plastic analysis
of layered composites shells. The proposed formulationis cast in a corotational configuration for finite deformation
analysis. The elasto-plastic constitutive equations that are based on rate-independent deviatoric plasticity are also
written in the corotational kinematic framework. Issues of covariance and spatial invariance are addressed, and
an appropriate stress updating strategy is proposed. Numerical examples are presented to demonstrate the range
of applicability of the proposed framework for bending-dominated response of elasto-plastic layered composite

shells.

Nomenclature

b = body force vector

Ce = fourth-orderelastic modulus tensor

ci’l ! = tangent modului consistent with the radial
return algorithm

dr = plastic strain rate tensor

e = deviatoric strain tensor

e’ = equivalentplastic strain

F,., = incremental deformation gradient

F.(X) = deformation gradient

f(o,q) = von Mises pressure-insensitiveyield condition

H,(eP) = hardeningrule for back stress

1 = identity matrix

J, = second invariant

K = bulk modulus

N = number of spatial dimensions

1) = unit normal to the yield surface

q = {a, e’} set of internal variables

R+ = radius of the yield surface

Rfl’)+ | = local rotational matrix in coordinate system
associated with Q) |

S = space of admissible configurations

s = deviatoric stress tensor

stial, = trial elastic stress

t = traction vector

ﬁffl | = incremental displacementof the

‘ spatial domain from €2, to ", |

7 :)+ | = incremental displacementfrom €2, to current
rotated configuration Qfl’l .

Vv = space of admissible variations

X€Q, = material points

X €0, = spatial points

x = pointsin the corotational configuration
in domain £,

a = back stress

Iy, = portion of boundary with prescribed essential
boundary conditions

Iy, = portion of boundary with prescribed natural
boundary conditions

Yy = consistency parameter

Ad:cf(ll ) = deformational part of the displacements
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Ad &) = deformational part of displacements
o in the local corotational system
Ad™ = rigid-body translations
o = admissible virtual displacement field
K(e’) = hardeningrule for the radius of the yield surface
u = shear modulus
o = Cauchy stress
oVoN = Green-Naghdi stress rate
wX, 1) = current placement of the body
@(x, 1) = incremental mapping from €2, to €2, ;|
Qyc R"? = reference placementof a continuum body
(-t = trial elastic quantity
11l = norm associated with the inner product of the
indicated quantity
I. Introduction

AMINATED composites continue to be of great interest for

aerospace and mechanical engineering applications. These en-
gineered materials possess superior properties as compared to their
constituentparent materials. With the advancesin materials science
and developmentsin better fabricationprocesses, modern laminated
composites are now being used in critical engineering applications.
Some applicationsinvolve large elastic deformations, for example,
helicoptorrotor blades, whereas there are others that require a com-
plete analysis of the elasto-plastic response of the constituent ma-
terials. Various approaches have been proposed to model nonlinear
response in these materials.!'> For recent reviews on composite el-
ements see Refs. 3 and 4.

This paper presents a continuum-based layerwise shear de-
formable formulation to model large deformation elasto-plastic
response in multilayered composite shells. The proposed formu-
lation is most suited for the class of layered composites wherein
the thickness of the constituent layers is comparable to the over-
all thickness of the composite laminate. Even a small deformation
in this class of compositesresults in warping (in-plane distortion) of
the deformed normal’ The present work is an extension of earlier
efforts.%” wherein we addressed geometric nonlinearity in multilay-
ered composites. In the present work, we endeavor to extend this
framework to incorporate material nonlinearity as well. The elasto-
plastic constitutive model is based on associative J, plasticity3~!°
The model is then cast in a corotational framework to simulate
large deformation response, wherein displacements and rotations
are assumed finite and the strains are assumed to lie in the small to
moderate range. Technicalissues related to the use of small to mod-
erate strain nonlinear constitutive equations for large deformation
analysis via casting these equations in the corotational kinematic
framework are addressed. Note that strains when measured in the
corotational frame, although being small, are not exactly the strains
of the small deformation theory. Accordingly, the issue of material
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frame indifference or objectivity of stress, becauseit is being calcu-
lated based on the strains measured in the corotational frame, needs
careful attention.!'~ !4

We start with a discussionof finite deformationkinematics within
the context of the corotational framework. The small strain elasto-
plastic constitutive model that is based on rate indepenedent devi-
atoric plasticity is cast in this corotational frame. We then present
the radial return algorithm for numerical integration of constitutive
equations. The variational form of the problem together with a dis-
cussion of the consistent tangent operator is given next. Thereafter,
we present some numerical results to show the range of applica-
tion of the proposed formulation and close with some concluding
remarks.

II. Kinematics in the Corotational Configuration

We discuss finite deformation kinematics within the context of
the corotational framework for nonlinear analysis. Figure 1 is a
schematic diagram of the referential, spatial, and corotational do-
mains. Let £y« R"¢ be the reference placement of a continuum
body with particleslabeled as X € €2, and nyq =2 denotes the num-
ber of spatial dimensions. We refer to (X, ) as the current place-
ment of the body with points designated x € €2,. The deformation
gradient F is denoted as F,(X) =Dy, (X). Incremental mapping
from €, to €, is indicated as @(x, 1) =@[p,(X), t]. Conse-
quently, the incremental deformation gradient F, , , between Q,
and Q, ; ; is defined as

F,oy=——=1+Va" (1)

To developthe corotational procedure, we introduce another map-
ping @(x, t) that corresponds to the rotation of the body from €,
to €, and yields a description of the body in the rotated frame such
that

X =@, 1) =@l X), ] )
From Eq. (2), the deformation gradient from €, to f),, is defined as

~ ~ 0 7
Fiw) = D) = 2202 @

Equation(3) givesrise to the orthonormalcorotationtensorindicated
as R. However, in the computationalsetting R is usually obtained via
alocal corotational coordinate system associated with each element
in the discretized domain that undergoes rigid-body rotations and
translations with the element. Furthermore, incremental mapping

F(x.t,)
w(’%"

Plxt) Fxa)
.

P(xX.tp)

=

Material frame Spatial frame Co-rotational frame

Fig.1 Schematic diagram of material, spatial, and corotational frame-
works.

from ©, to Q,,, is indicated as @ (x, 1) =p(p,(x),1). Accord-
ingly, the incremental deformation gradient is

. 0p(x,t G
F, . =%=1+Vufj>+1

In the corotational procedure we consider that an arbitrary mo-
tion of a general continuous medium can be decomposed into a
rigid-body motion, superposed by a pure relative deformation. If
the incremental motion is sufficiently small, the pure deformation
part of the displacement field that is obtained by subtracting rigid-
body motion from the total displacementis small. Consequently, the
magnitude of strains when measuredin the rotated frame is of the or-
der of infinitesimal strains. In the spatially discretized domain, this
decompositioncan be accomplishedby defining a local corotational
coordinate frame, for example, for each element, that translates and
rotates with the element, but does not deform with the element. The
pure deformation part of the displacementfield in an element, when
measured with respectto thislocal convectedframe, is small as com-
pared to the element dimensions. Consequently, discrete gradients
of the pure deformational displacement field measured in the local
corotatedframe are of the order of small strains (e.g., see Belytschko
and Hsieh'). This is the key idea that is employed to simplify the
updated Lagrangian formulation to the corotational formulation.

With the objective of presenting elasto-plasticity in the corota-
tional framework, we first discuss the issue of decomposition of the
total displacement into rigid-body motion and pure relative defor-
mation. We assume that we know the reference configuration €2,
which is the converged state in the corotational frame at the end
of the previous step. Assume that the local corotational coordinate
s~ystem associated with a typical element rotates from R in Q, to
R .+ in the latest obtained configuration Q(’) . The translational
dlsplacements induced by the rigid-body rotat10n of the element can
be expressed in the global coordinate system as

A = (RO, R~ 1], @
where x, indicates the global nodal-coordinate vector in configu-
ration €2,. Subtracting Ad"%") from the displacement increments

d( o +1 gives the deformational part of the displacements Addct(’)
Transformln git to the current local corotational coordinate system
we obtain the pure deformational part of the displacements (in the

local corotational system) as follows:
AdXY =R, (x, + AdY, ) —Rx, (5)

In the following sections, incremental strains in the corotational
frame are based on the gradients of the incremental displacement
field defined via Eq. (5).

III. Elasto-Plasticity in Corotational Framework
We also wish to establish the relation between o and o, that is,
the spatial and the rotated Cauchy stress tensors. To satisfy spatial
covarience,thatis, material frame indifference,the stressrate should
beobjective.Taking the Lie derivativeof o with therotationtensor R
givesrise to the well known Green-Naghdi stress rate o VCN (Refs. 8
and 16) expressed as

d
O.VGN =RE(RT .o R) _RT (6)

oSN =R.5-R” (7)

In the elasto-plastic constitutive equations to be presented, once
o is obtained in the rotated frame, the objective stress rate o¥°N
can be obtained via recourse to Eq. (7).

A. Constitutive Model

This section presents rate independent J, plasticity with a von
Mises pressure insensitive yield condition, nonlinear isotropic and
kinematic hardening rules, and an associative flow rule, all defined
with respect to the rotated frame €2,. However, for notational sim-
plicity, explicit indication () is being suppressed.
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We denote the deviatoric stress and strain tensors by s and e,
respectively,

s=0 — %tr(o-)l 8)
e=e—1tr(e)l 9

where 1 is the second-order unit tensor and tr(-) is the trace op-
erator. We assume the linear spaces of deviatoric stress and devi-
atoric strain tensors to be equipped with the natural (Euclidean)
inner product. The norms associated with these inner products are
lIsll =[s:s1"2 = V[2J2(s)] and llell =[e:e]""> = \[2J:(e)], where
J, is the second invariant. The evolution equations for the various
field variables are as follows:
1) Elastic stress:

o =C(—-d) (10)
2) Deviatoric stress:
§ =2u(e—d’) (11)
3) Hydrostatic pressure:
p=+tro =Ktré (12)
4) Back stress:
& =3H, (2")d" (13)

A superscript prime denotes differentiation with respect to the indi-
cated argument, and a superposed dot indicates the derivative with
respectto time. C¢ is the fourth-orderelastic modulus tensor defined
as

Clit =206 + u(0u 0y + 8:6) (14)

where A and p are Lame’s parameters.
The von Mises pressure-insensitive yield condition can be ex-
pressed as

fio.q) = el - /2x@r) <0 (1)

where ¢ = {a, €7} is a set of internal variables and £ is defined as
E=s5s—a.

The flow rule for associative plasticity that defines the plastic
strain rate tensor can be written as

2
dr =7a_£ =yi (16)

where i =¢/||€|| is the unit normal to the yield surface and y =0
is the consistency parameter.

The evolution equation for &” that emanates from the rate form,
er = J(%d” :d?), can be expressed as

e’ =/ \/gld”(r)l dr 17)
0

The evolution equation for the yield surface can now be written as
k= K/(eh)e’ (18)

The Kuhn-Tucker complementary conditions that enforce con-
sistency are

7 =0, flo,q) <0, 7f(o,q) =0 (19)

Furthermore, the persistency condition can be written as

7f(o,9) =0 (20)

B. Constitutive Integration Scheme

From a computational standpoint the elasto-plastic problem is
treated as a strain-driven problem in the sense that the stress his-
tory is obtaind from the strain history by means of an integration
algorithm. An effective procedure for numerically integrating the
elasto-plastic problem is to employ the so-called return mapping
algorithms. For an arbitrary convex yield function, it reduces to
the standard minimization problem of finding the minimum dis-
tance of a point to a convex set. In the particular case of the von
Mises yield condition with associative flow rule and isotropic hard-
ening, the closest-pointprojectionleads to the so-calledradial return
algorithm.

We assume that we know the solution (o, €”, €,) at time #,. Our
objectiveis to calculate the solution at time #, 4+, given incremental
strain Ae, , ;. The computational strategy is based on the operator
splitting methodology and is a two-step process.

Step 1: Elastic Predictor
In the elastic predictor, inelastic flow is assumed frozen and the
trial elastic stress s™ is computed from the converged values at

the end of the preceding step:

st =g, +2ule, + 2D
&:iill =s:‘iill -, (22)

At this point, yield condition (15) is checked to see whether the
stress state lies in the admissible range:

trial
fnnfl _|

g | - y/3x(er) <o (23)
If the state lies in the permissible range, that is, if f,:“fll <0, then
field variablesare updated by setting (+),, +1 = ('):iill and the second
part of the algorithm is skipped.

Step 2: Inelastic Corrector

In case the trial stress lies outside the admissible domain, it is
projected onto the yield surface via enforcementof the consistency
condition. Let 72 denote the unit vector normal to the yield surface.
For associative plasticity we have

ﬁ=<y“‘>y _ b
oE| o, TE

In the computational setting, unit normal 7z can be computed from
the trial elastic stress (22) as

ey Gl 29

To enforce consistency at f, . |, it is necessary to define the yield
surface at the end of the time step and, hence, to determine the
hardening parameter and back stress at #,+;. The enforcement of
the consistency condition (19) reduces to the scalar equation

e - /3. )
e + 3 (M) - Ha(e))] = 0 (5)

where E,’l’+ ,=¢e, + \/(§) ¥a +1- The value of the consistency param-
eter ¥, +1 can be obtained via a local Newton iteration of Eq. (25).

Once y,+ is obtained, the trial stress is projected onto the yield
surface via

g(yn+l) =

trial

Sn+1=S,,+1—2/~17n+1ﬁn+1 (26)
The equivalent plastic strain (17) is evaluated as

E,],’+1=E,]:+\/gyn+l 27

With the aid of Eq. (27), the evolution equation (13) can now be
integrated to obtain

Op+1 = Oy +\/gAHaﬁn+l (28)
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where AH,= H.(e", ) —Ha(e)). From Egs. (26) and (28) we
obtain

b1 = Suv1 — Qi =§:iill - [2/.17/,,+1 + \/gAHa]fl,,H
(29)

The updated Cauchy stress in the corotational frame is obtained via
adding the hydrostatic pressure:

On+1 =Ktr[A€n+l]1+sn+l (30)

_ Remark: Note that Eq. (30) is defined in the rotated configuration
Qfl’l ,- For notational simplicity we have dropped explicit indica-
tion of the superposed tilde (%) in all of the equations presented
in Sec. IIL.A. The Green-Naghdi stress rate oVON is obtained via

recourse to Eq. (7).

IV. Variational Problem
A well-defined boundary-valueproblemrequiresconsiderationof
the equilibriumequations and a set of suitable boundary conditions
in addition to the constitutive relations. As mentioned in Sec. II,
£y < R" is an open set with piecewise smooth boundary Iy at
time #,. We assume that Iy admits the following decomposition:

r,uUl, =T, (31)

80

Fg” N Fh() =g (32)
where 'y, and T, are open sets in I’y and represent the portions of
boundarywith prescribedessentialand natural boundary conditions,
respectively.

The space of admissible configurations is defined as

S = {LPZ 0y — R"™|det[Dyp] > OinQandéplrgo =9A0}

where @ is assumed prescribedon the Dirichletboundary. The space
of admissible variations V is defined as

V= {ng: 2 — R™Ingl,, =0 (33)

We can write the formal statement of the weak form in the current
configuration as follows: Find ¢, € S such that G(¢,, 1) =0 for all
nevy:

Gl m) =/ [o:(Vnoyp)] dQ—/ pb - (nop,) dQ2
Q Q

- / t-(mow,)dl (34)
T,

where ¢ is the traction vector specified on the part I';, =¢,(I';) of
the boundary.

The numerical solution of the weak form of nonlinear problems
is accomplished via iterative schemes that are based on the so-
lution of a sequence of linearized problems. We consider a pro-
cess of incremental loading whereby the deformation mapping
over € changes from ¢, , at time #,, to ¢, ., =¢, +u, at time
t,+1 =t, + At. Equilibrium is then enforced weakly at time #, +
via the variational or weak form of the problem. The corresponding
incremental problem is obtainedby linearizing the weak form about
a sequence of configurations and can typically be written as

DG () 1 m) - uyfl
= /!; |:7 tr(VﬂTil)HVuf,ll 1) + Vn: (cfl’)+1 :Vufl’)+ 1)i| do

(i)
= —G(p,%15m) (35)
Iteration is continued until the residual Q(Lpffl \» 1) vanishes to
within a prescribed tolerance. Also, cfl’)ﬂ represents the tangent
modului consistent with the radial return algorithm as derived in
Sec. IV.A (see Simo and Taylor'7).

A. Continuum-Based Composite Shell Element

The constitutive model is implemented in a continuum-based
eight-node hexahedral corotational element that is specially de-
signed to model the bending-dominated response in multilayered
shells.” Displacements and rotations are assumed finite, whereas in-
cremental strains are infinitesimal. The elementis free of volumetric
and shear locking and possesses very good coarse mesh accuracy.
By modeling each material layer through the composite thickness
viaalayerof these elements together with the correspondingelasto-
plastic constitutive equations, we accommodate the elasto-plastic
response of individual material layers in the laminate. These indi-
vidual material matrices are mapped onto the corotational frame to
perform consistentnumerical integration of the element level quan-
tities (for details, see Masud et al.”).

B. Consistent Tangent Operator

We now present the tangent moduli ¢,, + ; that is consistent with
the radial return algorithm. The explicit form of the incremental
response function 5(o,, €,, &, , € — €,) can be written as

G(o, el e—¢c,)= Ku(Ag, . )1+ a1 + Ryt (36)

where R, .1 = /(3)k(&! ) is the radius of the yield surfaceat r =
t, +1. Following Simo and Taylor,17 the tangent moduli ¢, +; is then
defined as

06 (0 enn il e —€,)

e (37)

Chv1 =

E=€pn+1

Substituting Eq. (36) in Eq. (37) and applying the chain rule, we
obtain the following expressionfor ¢, + 1:

Rn+1 1 Rn+1
—|I—-=1® 1| —2u——11 7
|s::‘:n|[ 34 “Tem" "

oR o
+he n+1+ n+1

cri1 =K1® 1+ 2u

38
a€n+ 1 a€n+ 1 ( )

After some calculations, the final expression for the tangent mod-
uli consistent with radial return algorithm for nonlinear isotropic/
kinematic hardening is obtained as

cior=Kle@1+2up[I-11@1] -2uya®n (39)
where f and x are given by

_ 2K,+1+AH,
-

n+1

[KI+H(/Z]n+1
x =1 l+—=1-(1-p (40)
3u

Remark: All quantities presented here are defined in the rotated
configuration Q) .

V. Numerical Examples

We now presentelasto-plasticresponseof multilayeredplatesand
shells to validate the framework and to show its range of application.

A. Necking of a Circular Rod

The first numerical simulation is necking of a circular rod un-
der displacement control (Figs. 2a and 2b). This problem has
been selected from Simo,'° wherein the author has employed a
hyperelastic-plastic model. The radius of the rod is 6.413 mm, and
its length is 53.334 mm. Material properties of the rod are shown
in Table 1. The computational mesh is composed of 400 corota-
tional hexahedral elements.” Total load is applied in 200 equal load
steps. Necking is initiated by providinga 2% reductionin the cross-
sectional area. Nonlinear hardening function k(e”) is defined as

K(e") = oy + (0% — gp)[1 — exp(—5e”)] 41)
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Table1 Material properties for the circular rod

Quantity Value
Shear modulus 80.1938 GPa
Bulk modulus K 164.206 GPa
Initial flow stress oy 0.45 GPa
Residual flow stress o 0.715 GPa
Saturation exponent & 16.93

b) Deformed
Fig.2 Mesh.

0.8 1

Stress - 0

0.2 -—-—- Present formulation
—— Simo (CMAME 1988)

0.0 T T .
0.00 0.05 0.10 0.15 0.20

Strain - g,

Fig.3a Stress-strain plot in hypoelastic and hyperelastic frameworks.

1.00 + 1
075 - .
o .
= ~.
=050 1 ) NN
Present formulation
— - Simo (1988)
—— Hallquist, NIKE2D (1984)
0.25 + ®  2502R (Simo 1988)
¢ 2501R (Simo 1988)
0.00 T T T . T
0.00 0.05 0.10 0.15 0.20 0.25

AL/ L

Fig.3b Normalized neck vs normalized elongation.

where oy is the initial flow stress and oy, is the residual flow stress.
Figure 3a presents the stress-strain response for the given material
properties. We have compared the present hypoelasticmodel castin
the corotational framework with the finite deformation hyperelastic
model by Simo.!? For small to medium range in strains that develop
in this problem, the present formulation shows a stable response in
the stress-strain behavior. Figure 3b presents the evolution of neck
vs axial elongation of the rod and shows a good comparison with
Simo'® and Hallquist'® for up to 15% engineering strains.

B. Elasto-Plastic Cantilever Plate Under Tip Load

This simulation presents elasto-plastic response of a thin can-
tilever plate subjected to a concentrated load at the tip. Figure 4
shows the initial and the final deformed geometry of the plate. Ma-

Table2 Material properties and geometric data
for the narrow cantilever plate

Quantity Value

1.2 X 107 kN/m?
1.2 X 10° kN/m?
2.4 X 10* kN/m?

Young’s modulus £
Plastic tangent modulus E;
Yield stress oy

Poisson’s ratio v 0.3

Length L 10.0m
Width B 1.0 m
Thickness ¢ 0.1m

Fig. 4 Initial and deformed mesh of the beam.

7
— - Present elem., load applied in 20 steps
6 Present elem., load applied in 10 steps
® Dvorkin et al. (CMAME - 1995 )

7~~~
Z°]
N’
T 41
Q
-
RS
5
> 2+

1 4

0 T T T T

0.0 0.5 1.0 15 2.0 25

Vertical Displacement (m)

Fig. 5 Load-deflection diagram at load point of the elasto-plastic
beam.

terial and geometric properties of the plate are shown in Table 2.
The mesh is composed of 10 X 1 X2 elements. Two simulations
were done wherein the total load was applied in 10 steps and 20
steps, respectively. Applied load vs deflection for the load point
(Fig. 5) shows a close agreement with Dvorkin et al.!® wherein the
authors have employed a multiplicative finite strain framework to-
gether with hyperelastic constitutive equations. Figure 6 shows a
study of the sensitivity of the response with respect to the mesh re-
finement wherein the load is applied in 20 equal steps. A difference
of about 5% is observed which is within the permissible limits of
spatial accuracy for such problems.

C. Elasto-Plastic Cylindrical Shell with Free Edges

We now present elasto-plastic analysis of a cylindrical shell with
free edges, subjected to two opposite point loads (Fig. 7). The shell
is able to undergo finite rotations, and, therefore, this problem pro-
vides a severe test for the veracity of the underlying formulation.
Material and geometeric properties of the shell are shown in Table 3.
The cylinder possesses two layers through its thickness. Invoking
symmetry, only one-eighth of the shell is modeled using 16 X8 X2
elements (16 along the periphery, 8 along the length, and 2 through
the thickness). The second refined mesh contains 24 X 8 X2 ele-
ments. The total load is applied in 140 equal load steps.
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Table3 Material properties and geometric data
for the cylindrical shell

Quantity

Value

Young’s modulus E
Plastic tangent modulus E;
Yield stress oy

Poisson’s ratio v

Length L

Radius R

Thickness ¢

10.5 X 10° kN/m?

10.5 X 10% kN/m?

1.05 X 10% kN/m?
0.3125
10.35m
4.953m
0.094 m

—— - 20elem. mesh (10x1x2)
—— 40 elem. mesh (20x1x2)

0.0

0.5 1.0

1.5 2.0 2.5

Vertical Displacement (m)

Fig.6 Mesh refinement of elasto-plastic cantilever beam.

a)

[ [/ [
(L1777

L.

P

Fig.7 Schematic diagram of the problem.

STRESS 2

-1.68E402
== .1.36E+02
= -1.04E+02
— -7.16E401
-3.96E401
— 7.64E+00

5.63E+01

Current View
Min = -1.68E+02
X:=0.00E+00
Y =-5.00E+00
2= 0.00E+00
Max = 5.63E401
X=0.00E+00
Y =-4.91E+00
2=-129E400

Time = 1.01E400
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The initial and the final deformed configuration of the shell is
showninFigs. 8aand 8b. Figure 9 shows the load-deflectiondiagram
at 1) point A, which is a point directly under the load, 2) point B,
which is a point on the side of the shell and undergoes horizontal
displacement, and 3) point C, which is a point on the free edge
at the side of the shell. We first present comparison with Jiang and
Chernuka,?’ considering the material to be elastic in the entire range
of deformation. We then consider the material to undergo elasto-
plastic deformation, where the plastic tangent modulus is taken to
be 10% that of the elastic tangent modulus. We observe that the
cylindrical shell buckles plastically and that the buckling load is
much lower than the value obtained if the material were considered
elastic in the entire range of deformation. Once again the difference
in the numerical results for the two meshes is less than 4%.

D. Elasto-Plastic Hemispherical Shell

We now present the elasto-plastic response of a hemispherical
shell composedof two layers throughthe thickness. The undeformed
configuration of the shell has a 18-deg hole at the top and is sub-
jected to two inward and two outward forces that are 90 deg apart.
Material and geometeric properties of the spherical shell are given
in Table 4. Because of symmetry, only one quadrant needs to be
modeled. Two meshes are used in this study. First mesh is com-
posed of 16 X 16 X2 elements, and the second mesh is composed
of 18 X 18 X2 elements. Total load is applied in 100 equal steps.

Figure 10 shows the final deformed configuration of the mesh
without any magnification of deformation. A plot of pinching loads

40 : 7 ] I T
—=== 256l Pt A, Elasplas. | | | | |
35 | — — 256 elm., Pt B, Elas-plas. | : || 4
——— 384 elm., Pt A, Elas-plas. I. /’ / I l
30 4| — - 384 elm., Pt B, Elasplas. | I/ j | |
®  Jianget.al, Pt A, Elas. I i N l
~ 254 4 Jiangetal, Pt B, Elas. b/ / //
Z -+ 256 clm., Pt A, Elas. 2 |
o 204 — - 256elm,PtB,Elas. | ast 4 //
3 - /
Q
—~ 15 4
10 -
5 ]
0

00 05 10 15 20 25 30 35 40 45 50
Displacement (m)

Fig.9 Load-deflection diagram for cylindrical shell.

STRESS 2

-1.68E+02
~1.36E+02
-1.04E+02
-7.16E+01
-3.96E+01
-7.64E+00

2.43E+01

5.63E+01

Time = 1.01E+00

Fig. 8 Initial and final deformed geometry with stress oy,.
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vs deflections under the corresponding loads is shown in Fig. 11.
In the absense of elasto-plastic response reported in the literature
for this problem, we provide a qualitative comparison with Simo
et al.>!' wherein the material is assumed to be linear elastic in
the entire range of deformation. Although the elasto-plastic re-
sponse is softer than the pure elastic response, strains still stay in
the moderate regime and close to the elastic strian range even for
this extremely large deformation. This comparison shows that the
present problem is dominated by large rotations and not by large
strains.

E. Elasto-Plastic Analysis of a Composite Cylindrical Shell

The last numerical simulationis elasto-plastic analysis of a com-
posite cylindrical shell with free edges, subjected to two opposite
point loads as shown in Fig. 7. The cylinder is composed of two
layers through its thickness; the outer layer is aluminum and the
inner layer is copper. These layers are assumed to be perfectly
bonded at the common interface throughout the entire range of
deformation. Material and geometric properties of the composite
shell are shown in Table 5. Invoking symmetry, only one-eighth
of the shell is modeled. Figure 12 shows the load-deflection dia-
gram for two different mesh configurations. The first mesh contains
24 X 8 X2 elements, whereas the second mesh contains 16 X 16 X2

Table4 Material properties and geometric data
for the hemispherical shell

Quantity Value

Young’s modulus £
Plastic tangent modulus E, 6.825 X100 psi
Yield stress o, 6.825 X 10° psi
Poisson’s ratio v 0.3
Radius R 10 in.
Thickness ¢ 0.04 in.

6.825 X 107 psi

Table 5 Material properties and geometric data for composite
cylindrical shell

Quantity Aluminum Copper
Young’s modulus E, kN/m? 10.0 X103 18.0 X 10
Plastic tangent modulus E,, kN/m? 10.0 X 10? 18.0 X 102
Yield stress oy, kN/m? 0.4 x10? 1.1 X102
Poisson’s ratio v 0.33 0.33
Length L, m 10.35 10.35
Radius R, m 4.9763 4.5695
Thickness t, m 0.047 0.047

elements. In either case, the total load is applied in 200 equal load
steps.

The overall response represents two distinct features: an initial
portion,whichis dominated by bending and is characterizedby large
displacement and rotation, and a later portion, which is dominated
by membrane effects that are characterized by a stiff behavior. The
difference in the numerical results for the two meshes is less than
4%, which is well within the permissible limits of spatial accuracy
for this type of problems

500

—-— 512 elem., X dir.
-------- 512 elem., Y-dir. | |
400 | —— 648 elem., X-dir. /

648 elem., Y-dir.
®  Simo et.al, X-dir.
300 A Simo et.al, Y-dir. /

=
g /
3

200 1 . »

L
1001 2
0 T T T T T T T T
0 1 2 3 4 5 6 7 8 9
Displacement

Fig. 11 Load-deflection diagram of the elasto-plastic pinched hemi-
spherical shell.
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Fig. 12 Load-deflection diagram for hemispherical shell.

Fig. 10 Initial and final deformed geometry and stress oy .
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VI. Conclusions

We have presented a continuum-based corotational framework
for modeling large deformation elasto-plastic response in multi-
layered composites. Accordingly, we have cast the elasto-plastic
constitutive equations in the corotational frame as well. An advan-
tage of the corotational formulation is that frame invariance re-
quirements do not limit constitutive equations to isotropic elastic
response, which is an important issue in modeling composites. Fur-
thermore, the proposed corotational procedure provides a general
framework that allows the incorporation of small strain constitutive
models, which are relatively easy to develop, for finite deformation
analysis. This is a specially attractive feature for the modeling of
composites wherein the existence of material anisotropy and a wide
range in inherent material length scales render the development of
a finite strain constitutive model an exceedingly difficult task. The
proposed framework is conceptually simple and computationally
economic as compared to finite strain elasto-plastic frameworks
that would otherwise be required to solve the class of problems pre-
sented here. Furthermore, from a practical viewpoint, the presence
of reinforcing fibers in advanced laminated composites typically
used in the aerospace, marine, and automotive industries restrict the
strains to lie in the small to moderate range. Accordingly, from a
kinematic standpoint, an issue of significance in large deformation
analysis of composite plates and shells made of these engineered
materials is that of finite rotations, which is very effectively han-
dledin the corotationalframework. Numerical simulations show the
good accuracy and stability properties of the proposed model and
the range of applicability of the proposed framework.
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